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Motion Control of a Nonholonomic System Based
on the Lyapunov Control Method

Kazuo Tsuchiya,¤ Takateru Urakubo,† and Katsuyoshi Tsujita‡

Kyoto University, Kyoto 606-8501, Japan

A new design method of a feedback controller for nonholonomicsystems based on Lyapunovcontrol is presented.
In Lyapunov control, the control input is obtained by multiplying the gradient vector of the Lyapunov function
by a tensor. The main contribution of our method is that this tensor is composed of two components, one of which
is a negative de� nite symmetric tensor and the other of which is an asymmetric one. As a result, the goal point
in the state space of the controlled system becomes the only globally stable equilibrium point, and exponential
convergence to the goal point can be achieved. The proposed method is applied to a two-wheeled mobile robot, and
the effectiveness is con� rmed by numerical simulations.

Introduction

T HE motion controlof a nonholonomicsystem has been focused
on by many researchers.The motion control of a two-wheeled

mobile robot is a typical terrestrial application,whereas typical ap-
plications in space include the attitude control of a rigid spacecraft
with two reaction wheels and the motion control of a planar space
manipulator composed of three links. In nonholonomic systems,
there exist constraints that are not integrable, for example, a no-slip
condition for the wheels of the wheeled vehicle, the law of conser-
vation of angularmomentum for a space robot, and so on. Although
this class of nonlinear systems are not controllable locally, they
may be controlled globally by exploiting the constraints. They can
not be controlledwith the method of linear control theory, however,
because they are not exactly linearizable.1 Moreover, they can not
be stabilized to an equilibrium point by any smooth state feedback
control, even if they are controllable globally.2

Therefore, it is dif� cult to design a feedback controller that sta-
bilizes a nonholonomic system to an equilibrium point, and the re-
search on this problem has been extensive.The controllers that have
been proposed thus far are classi� ed as time-varyingcontrollers3¡6

and discontinuoustime-invariantcontrollers.7¡9 Time-varying con-
trollers were originated by Samson.3 Pomet proposed a method of
designing this type of controller by using a time-varying Lyapunov
function.4 Their controllersare smooth time-varyingcontrollers,but
the rates of convergenceare not exponential.Sørdalen and Egeland5

and M’Closkey and Murray6 proposed nonsmooth time-varying
controllers that provide exponential rates of convergence.

On the other hand, discontinuous time-invariant feedback con-
trollers have also been proposed, such as the class of controllers
based on the idea of sliding mode control, proposed by Khennouf
and Canudas de Wit.7 They designed the controller by combining a
linear feedback law and a discontinuousfeedback law. The discon-
tinuous feedback law stabilizes the invariant manifolds formed by
the linear feedback law.7 Lafferriere and Sontag proposed a method
of designing a controller by using a piecewise smooth Lyapunov
function.10 Astol� proposed a method of designing a controller by
transforming an original system through a nonsmooth coordinate
transformation and designing a smooth, time-invariant controller
for the transformed system.8;9 The controllers designed in Refs. 7
and 9 provide exponential rates of convergence.
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In this paper, we consider a three-dimensional two-input non-
holonomic system that has no drift and propose a method of control
that is based on Lyapunov control. In Lyapunov control, the input
is constructed by multiplying the gradient vector of the Lyapunov
function by a negative de� nite symmetric tensor. However, non-
holonomic systems cannot converge to the desired point with this
type of input because there exist stable equilibrium points other
than the desired point. On the other hand, if the input is constructed
by multiplying the gradient vector of the Lyapunov function by an
asymmetric tensor, all of the equilibrium points except the desired
point may become unstable, whereas the value of the Lyapunov
function is kept constant. In this paper, we propose a method of
designing a controller based on Lyapunov control; the input is con-
structedby multiplyingthegradientvectorof the Lyapunovfunction
by a tensor that is composedof a negative de� nite symmetric tensor
and anasymmetrictensor.The designedcontrolleris a discontinuous
time-invariantstate feedback one. We call this method of control an
extended Lyapunov control method. A nonholonomic system with
this type of input converges to the desired point, as long as it is
controllable.

This paper is organized as follows: First, the type of system that
we consider in this paper is expressed in terms of differential ge-
ometry, and the basic equations for control are derived. Then we
explain the controller using an extended Lyapunov control method
and investigate the behavior of the controlled system. Finally, the
controller is applied to an example, a two-wheeled mobile robot,
and the behaviorof the controlled system is examined by numerical
simulations.

Formulation of the System
First, we set a three-dimensionalstate space, z D [z1; z2; z3]T , and

assume a Pfaf� an equation on the space. The Pfaf� an equation is
generally expressed as follows:

! D f1.z/dz1 C f2.z/dz2 C f3.z/dz3 D 0 (1)

where fi .z/ is a function of z. We make the following assumptions:
1) We assume that fi is � nite.
2) We assume that @ fi=@z j , the derivative of fi for z j , exists and

is � nite.
3) We assume that one of f1 , f2 , or f3 is not zero at any point.

Therefore, we set f3 ´ ¡1 in this paper, without loss of generality.
4) We assume that Pz1 and Pz2 can be taken as the inputs for control.

Then, the Pfaf� an equation is rewritten as follows:

! D f1.z/dz1 C f2.z/dz2 ¡ dz3 D 0 (2)

The distribution¹ for this Pfaf� an equationis the tangentspace that
is composed of the vector � elds X1 and X2 ,

X1 D
@

@z1
C f1

@

@z3
; X2 D

@

@z2
C f2

@

@z3

(3)
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Lie bracket [X1 X2] is computed as

[X1 X2] D X1 X2 ¡ X2 X1 D L.z/
@

@z3

(4)

where

L.z/ D ¡
³

@ f1

@z2
¡ @ f2

@z1
C f2

@ f1

@z3
¡ f1

@ f2

@z3

´
(5)

The condition for the distribution ¹ not to involve the Lie bracket
[X1 X2] is that

L.z/ 6D 0 (6)

This is the condition of controllability.When this condition is satis-
� ed at all points, the Pfaf� an form ! is converted to a normal form
using a certain coordinate transformation11:

! D dz3 ¡ z2dz1 (7)

Therefore, the system can be expressed by a chained form. In this
paper, we do not assume that condition (6) is met, and we will
design a controllerbased on Eq. (2). Because of the assumption that
Pz1 and Pz2 are taken as the inputs for control u1 and u2 , Eq. (2) can
be rewritten as a basic equation of control:

d

dt
z D Bu; B D

2

4
1 0

0 1

f1 f2

3

5 ; u D
µ

u1

u2

¶
(8)

Controller Based on Lyapunov Control
In this section, we design a feedback controller based on Lya-

punovcontrolthatmakes the state variablesz convergeto the desired
point, z D [0; 0; 0]T . We introducethe followingLyapunovfunction:

V .z/ D 1
2

¡
m1z2

1 C m2z2
2 C m3z2

3

¢
(9)

where m1 , m2 , and m3 are positive constants. With Eq. (8), the
derivative of V .t/ along the motion path is computed as

PV D .rV /T Bu (10)

where r D [@=@z1; @=@z2; @=@z3]T .
We will consider a class of input vectors expressed as follows:

u D ¡I BT rV (11)

where I 2 R2 £ 2. The matrix I BT is a tensor that produces an input
vector from the gradient vector of the Lyapunov function. Equa-
tion (10) can then be expressed in the bilinear form in the gradient
vectors,

PV D .rV /T GrV (12)

where G D ¡BI BT 2 R3 £ 3. In the following, we will construct the
tensor I by putting a symmetric tensor and an asymmetric tensor
together (an extended Lyapunov control method). First, we will
investigate how the symmetry of the tensor I affects the behavior
of the controlled system.

Case 1: Symmetric Case
Design the tensor I as follows:

I D Is D
µ

1 0

0 1

¶
(13)

The corresponding input vector becomes

u D ¡Is BT rV (14)

This is the case where the controller is designedbased on Lyapunov
control. Substituting Eq. (14) in Eq. (8), we obtain

Pz D ¡B Is BT rV (15)

With Eq. (15), the derivative of V .t/ is computed as

PV D .rV /T GsrV D ¡jBT rV j2 · 0 (16)

where Gs D ¡B Is BT . Becauseof Eqs. (15) and (16), the stable equi-
librium points of the system can be seen to be the points on the line
BT rV D 0. All of the equilibrium points near the desired point are
shown to be stable. By the linearization of Eq. (15) in the neigh-
borhood of the equilibrium points, the stability of the equilibrium
points can be determined by the following characteristic equation:

¸2 C ®s¸ C ¯s D 0 (17)

where ®s and ¯s are constantsdependingon each equilibriumpoint.
In the neighborhoodof the desiredpoint, ®s and ¯s are computed as

®s D m1 C m2 C
¡

f 2
1 C f 2

2

¢
m3 C O.z3/ > 0 (18)

¯s D m1m2 C f 2
1 m2m3 C f 2

2 m1m3 C O.z3/ > 0 (19)

Therefore, all of the equilibrium points in the neighborhood of the
desired point are stable. Thus, the system may be trapped in a point
other than the desired point.

Case 2: Asymmetric Case
Design the tensor I as follows:

I D Ō Ia D Ō
µ

0 1

¡1 0

¶
(20)

where Ō is a scalar coef� cient. The corresponding input vector be-
comes

u D ¡ Ō Ia BT rV (21)

Substituting Eq. (21) in Eq. (8), we obtain

Pz D ¡ ŌB Ia BT rV (22)

With Eq. (22), the derivative of V .t/ is computed as

PV D Ō.rV /T GarV D 0 (23)

where Ga D ¡B Ia BT . In this case, the state variables z are restricted
to a sphere, that is, V .z/ D V0 , where V0 is the valueof the Lyapunov
function determined by the initial state of the system. The equilib-
rium pointsof the system in the symmetric case are also equilibrium
pointsin this case.However, in this case,all of theequilibriumpoints
of the system except the desired point may become unstable. To as-
sess their stability, we � rst linearize Eq. (22) in the neighborhood
of these points. Then we can determine the stability of these points
by the following characteristic equation:

¸2 C Ō®a¸ C Ō2¯a D 0 (24)

where

®a D z3m3L.z/; ¯a D ¯s (25)

If Ō is chosen such that sgn. Ō/ D ¡sgn.®a/, the equilibrium points
of the system become unstableas long as ®a 6D 0. On the other hand,
the desired point does not become unstable because ®a D 0 at the
desired point.

Based on the preceding results, in the following, we will design
the tensor I as follows:

I D ®.Is C Ō Ia/ (26)

where ® and Ō are scalar coef� cients. The input vector becomes

u D ¡®.Is C Ō Ia/BT rV (27)

Coef� cient ® is a positive constant and affects only the timescale of
the motion of the controlled system. Without loss of generality, we
can set the coef� cient ® to unity. The coef� cient Ō is set to

Ō D ¡¯[®a=h.g/] (28)
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where

g D jBT rV j (29)

Function h.g/ is a smooth function such that

h.0/ D 0; h.g/ > 0 for g > 0 (30)

Basic equations then become

Pz D ¡BfIs ¡ ¯[®a=h.g/]IagBT rV (31)

where we de� ne [1=h.g/] ¢ BT rV D 0 at BT rV D 0. With
Eq. (31), the derivative of V .t/ is computed as

PV D .rV /T fGs ¡ ¯[®a=h.g/]GagrV D ¡jBT rV j2 · 0 (32)

The input vector of Eq. (27) is an extended form of the input vector
of Eq. (14) that is designedbased on the Lyapunovcontrol; the input
vector de� ned in Eq. (27) contains a symmetric and an asymmetric
matrix, and, as a result, the derivative of the Lyapunov function is
also composed of a symmetric and an asymmetric bilinear form in
the gradient vectors (an extended Lyapunov control method).

In the next section, we will analyze the behavior of systems with
this type of controller.

Behavior of the Controlled System
The equilibriumpointsof the controlledsystemshown in Eq. (31)

are the points on the line BT rV D 0. Because Eq. (32) shows that
the controlledsystem convergesto this line,we will examine the sta-
bility of the points that lie on it. On this line, the basic equation (31)
is discontinuous,and, therefore, to be able to perform the analysis,
we modify Eq. (31) as follows:

Pz D ¡BfIs ¡ ¯ tanh[h.g/=²] [®a=h.g/]IagBT rV (33)

Equation (33) approaches Eq. (31) as ² is taken to zero. By the
linearization of Eq. (33) in the neighborhood of the equilibrium
points, the stability of the equilibrium points can be determined
using the following characteristic equation:

¸
©
¸2 C

£
®s ¡ ¯

¡
®2

a

¯
²
¢¤

¸ C
£
1 C ¯2

¡
®2

a

¯
²2

¢¤
¯s

ª
D 0 (34)

The eigenvalues of Eq. (34) are given as

¸ D
n

¡
£
®s ¡ ¯

¡
®2

a

¯
²
¢¤

§
q£

®s ¡ ¯
¡
®2

a

¯
²
¢¤2 ¡ 4

£
1 C ¯2

¡
®2

a

¯
²2

¢¤
¯s

o.
2; 0

(35)

where parameters ®s , ¯s , and ®a are given by Eqs. (18), (19), and
(25). The two eigenvectors corresponding to the nonzero eigenval-
ues lie in the column space of matrix B and determine the stability
of the equilibriumpoints. The condition that the equilibrium points
are stable is that the real parts of both eigenvaluesare negative, that
is,

®s ¡ ¯
¡
®2

a

¯
²
¢

> 0; ¯s > 0 (36)

We rewrite conditions in Eq. (36) as

z2
3 L.z/2 < ²®s

¯
¯m2

3; ¯s > 0 (37)

Points on the line BT rV D 0 that satisfy this condition are stable
equilibrium points. We consider the region on the line where an
equilibrium point is stable:

1) First we consider case 1, the case where L.z/ 6D 0 at all of the
points on the line. In this case, from Eqs. (18) and (19), the pointson
the line near the origin satisfy ®s > 0 and ¯s > 0. On the other hand,
only the points on the line near the origin satisfy the � rst condition
of Eq. (37) because ² is small and L.z/ 6D 0. As a result, only the
equilibrium points near the origin are stable, and, as ² approaches
zero, the origin becomes the only stable equilibrium point.

Fig. 1 Stable equilibrium points of the controlled system (case 2, where
² ! 0).

Fig. 2 State variables z1 , z2 , and µ and inputs u1 and u2 , of a two-
wheeled mobile robot.

2) Next we consider case 2, the case where L.z/ D 0 at some
points on the line. In this case, there may be a point where the line
BT rV D 0 crosses the plane L.z/ D 0. If one of such points satis� es
the conditions ®s > 0 and ¯s > 0, a region of equilibrium points
satisfying condition (37) exists near that equilibrium point because
the value of L.z/ is small. All of the equilibriumpoints in the region
are stable. From Eq. (37), as the parameter ² approaches zero, the
regionshrinksuntil only the pointwhere the line BT rV D 0 crosses
the plane L.z/ D 0 becomes the stableequilibriumpoint.As a result,
in this case, there may exist stable equilibrium points besides the
origin, where the system is not controllable (Fig. 1).

From the preceding analysis, when the system satis� es the con-
trollability criterion at all of the equilibrium points, the controlled
system converges to the desired point. However, when equilibrium
points where the system does not satisfy the controllabilitycriterion
exist, the controlled system may be trapped in an equilibrium point
that is not the desired point.

Example: Two-Wheeled Mobile Robot
In this section we apply the extended Lyapunov control method

to an example, a two-wheeledmobile robot, and check the behavior
of the system by numerical simulations. We set the parameters of
the Lyapunov function given in Eq. (9), m1 , m2, and m3 , to 1:0.

As shown in Fig. 2, the state of a two-wheeled mobile robot can
be expressed in terms of the position of the mobile robot on the
plane z1 and z2 and the angle µ between the current direction of the
mobile robot and the positive direction of the z1 axis. The inputs of
the system are translationalvelocityu1 and angularvelocityu2 . The
desired point is set to be the origin. If the wheels do not skid at all,
the motion of the mobile robot can be determined by the following
equations:

d

dt

2

4
z1

z2

µ

3

5 D

2

4
cos µ 0

sin µ 0

0 1

3

5
µ

u1

u2

¶
(38)

This system satis� es the condition of the controllability L.z/ 6D 0 at
all points.
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Analysis
The inputs are assigned as follows:

u1 D ¡.z1 cos µ C z2 sin µ / ¡ ¯[z2=h.g/]µ (39)

u2 D ¡µ C ¯[z2=h.g/].z1 cos µ C z2 sin µ/ (40)

The behavior of the system is analyzed for the following two cases:
case 1, h.g/ D g, and case 2, h.g/ D g2 .

Case 1
The basic equation, Eq. (31), corresponding to Eq. (38), is

expressed as

Pz1 D ¡cosµ.z1 cos µ C z2 sin µ/ ¡ ¯.z2=g/µ cos µ (41)

Pz2 D ¡sin µ.z1 cos µ C z2 sin µ/ ¡ ¯.z2=g/µ sinµ (42)

Pµ D ¡µ C ¯.z2=g/.z1 cos µ C z2 sin µ/ (43)

where

g D jBT rV j D
p

.z1 cos µ C z2 sin µ/2 C µ 2 (44)

From Eqs. (41–43), the variable g satis� es the following equation,

Pg D ¡g C ¯
¡
z2

¯
g2

¢
.z2 cos µ ¡ z1 sin µ /.z1 cos µ C z2 sin µ/2

¡ .µ=g/.z2 cos µ ¡ z1 sin µ/.z1 cos µ C z2 sin µ/ (45)

Because the variables z1; z2; µ , and g decrease with time, we can
assume in the following that they are small.

1) First we examine the behavior of the system in the region
g > O.¯z2

2/. Neglecting the small terms, we obtain the equations
for z2 and g as

Pz2 D 0

Pg D ¡g C ¯
¡
z2

¯
g2

¢
.z2 cos µ ¡ z1 sin µ /.z1 cos µ C z2 sin µ/2

< ¡g C ¯z2
2 < 0 (46)

Equations (46) show that the system moves into the region
g · O.¯z2

2/.
2) Next, we examine the behavior of the system in the region

g · O.¯z2
2/. When the small terms are neglected,Eqs. (41–43) and

(45) become

Pz1 D ¡¯.z2=g/µ; Pz2 D 0; Pµ D ¯.z2=g/z1; Pg D 0
(47)

where variable g is approximately expressed as g D
p

.z2
1 C µ 2/.

Equations(47) show that the variables z2 and g are constantwhereas
the variables z1 and µ oscillate.The variables z1 and µ are expressed
as

z1 D g cos.!c t C Á/; µ D g sin.!ct C Á/ (48)

where !c D ¯z2=g and Á is a constant. Substituting Eqs. (48) into
Eqs. (42) and (45), averaging them with the period 2¼=!c , and
neglecting smaller terms, we obtain

Pz2 D ¡.¯=2/gz2 (49)

Pg D ¡g C ¯z2
2

¯
2 D ¡g C gc (50)

where

gc.z2/ D .¯=2/z2
2 (51)

Equations (49) and (50) show that jPz2j ¿ j Pgj. Therefore, variable
g converges to gc exponentially, whereas variable z2 is constant.
Substituting steady-state solution gc of variable g into Eq. (49), we
obtain

Pz2 D ¡.¯2=4/z3
2 (52)

From Eq. (52), we have

jz2j D 1
¯p

.¯2=2/t C C (53)

where C is a constant. By the substitutionof Eq. (53) into Eq. (51),
the correspondingsolution of variable g is expressed as

g D ¯=.¯2t C 2C/ (54)

By the use of Eqs. (53) and (54), variables z1 and µ are expressedas

z1 D [¯=.¯2t C 2C/] cos
¡p

2¯2t C 4Ct C Á
¢

µ D [¯=.¯2t C 2C/] sin
¡p

2¯2t C 4Ct C Á
¢

(55)

Expressions(55) show that the amplitudeof oscillationdecreasesas
O.t¡1/, whereas the frequency of oscillation increases as O.t1=2/.
On the other hand, input u decreases as O.t¡1=2/ and tends to zero
as t ! 1.

Case 2
The basic equation, Eq. (31), corresponding to Eq. (38), is

expressed as

Pz1 D ¡cos µ.z1 cos µ C z2 sin µ/ ¡ ¯
¡
z2

¯
g2

¢
µ cos µ (56)

Pz2 D ¡sin µ.z1 cos µ C z2 sin µ/ ¡ ¯
¡
z2

¯
g2

¢
µ sin µ (57)

Pµ D ¡µ C ¯
¡
z2

¯
g2

¢
.z1 cos µ C z2 sin µ/ (58)

From Eqs. (56–58), the variable g satis� es the following equation:

Pg D ¡g C ¯
¡
z2

¯
g3

¢
.z2 cos µ ¡ z1 sin µ/.z1 cos µ C z2 sin µ/2

¡ .µ=g/.z2 cos µ ¡ z1 sin µ/.z1 cosµ C z2 sin µ/ (59)

We also assume in the following that the variables z1; z2; µ , and g
are small:

1) First we examine the behavior of the system in the region
g2 < O.¯ jz2j/. In this region, when the small terms are neglected,
Eqs. (56–59) become

Pz1 D ¡¯
¡
z2

¯
g2

¢
µ; Pz2 D 0; Pµ D ¯

¡
z2

¯
g2

¢
z1; Pg D 0

(60)

Equations(60) show that thevariablesz2 and g are constant,whereas
the variables z1 and µ oscillate and are expressed as

z1 D g cos.!c2t C Á2/; µ D g sin.!c2t C Á2/ (61)

where !c2 D ¯z2=g2 and Á2 is a constant.SubstitutingEqs. (61) into
Eqs. (57) and (59), averaging them with the period 2¼=!c2, and
neglecting smaller terms, we obtain

Pz2 D ¡.¯=2/z2 (62)

Pg D ¡g C ¯z2
2

¯
2g (63)

From Eq. (62), we have

z2 D C1e¡.¯=2/t (64)

Substituting Eq. (64) into Eq. (63), we obtain

for ¯ 6D 2; g D
p

C2e¡2t C [¯=.2 ¡ ¯/]C 2
1 e¡¯ t

for ¯ D 2; g D
q¡

¯C2
1 t C C2

¢
e¡2t (65)

where C1 and C2 are constant. When ¯ < 4:0, the system moves
within the region g2 < O.¯jz2j/ for all t > 0 and converges to the
origin. On the contrary, when ¯ ¸ 4:0, the system cannot satisfy
the condition that g2 < O.¯ jz2j/ for all t > 0 and may go toward the
regionwhere g2 ¸ O.¯jz2j/ with time. In this region,g2 < O.¯ jz2j/,
the inputs u1 and u2 behave as follows: Because the amplitude of
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oscillation of the inputs is O.¯z2=g/ from Eqs. (39) and (40), as
time advances it approaches a constant

p
[¯.2 ¡ ¯/] if ¯ < 2:0 and

approaches 0 if ¯ ¸ 2:0. On the other hand, because the frequency
of oscillation of the inputs is O.¯z2=g2/ from Eqs. (39) and (40),
it increases exponentially if ¯ < 4:0 and decreases exponentially if
¯ > 4:0 with time.

2) Next, we examine the behavior of the system in the region
g2 ¸ O.¯ jz2j/. Neglecting the small terms, we obtain the equation
for g as

Pg D ¡g (66)

From Eq. (66), we obtain

g D C3e¡t (67)

where C3 is constant.When ¯ ¸ 4:0, as statedpreviously,the system
moves from the region g2 < O.¯ jz2j/ to this region, g2 ¸ O.¯ jz2j/.
Then, as a result of Eq. (67), the system converges to the origin
in this region. On the contrary, when ¯ < 4:0, according to the ini-
tial value of the system, there are cases where the system stays in
this region or moves to the region g2 < O.¯ jz2j/. However, in both
cases, the system converges to the origin. In this region, because
¯jz2j · O.e¡2t /, the magnitudeof the inputs u1 and u2 converges to
0 using Eqs. (39) and (40).

The motion of the system for the case where h.g/ D g2 is summa-
rized as follows: The behavior of the system is different according
to the value of the parameter ¯ and initial conditions. However, the
system converges to the origin and the magnitude of the inputs ap-
proaches0 or a constantwith time. Note that if we set the parameter
¯ such that ¯ ¸ 4:0, the system converges to the origin exponen-
tially, the magnitude of the inputs converges to 0, and oscillationof
the inputs with a high frequency can be avoided.

Numerical Simulations
Case 1

Numericalsimulationswere executedfor the followingtwo cases,
case 1a and case 1b (Table 1). In case 1a, the value of the parameter
¯ is set to 1:0. Figure 3 shows the behaviorof the system in the z1z2

plane.Figure 4 shows the time historyof variable g. The dashed line
in Fig. 4 is a line proportionalto t¡1 as shown in Eq. (54). Variable g
decreasesalong this line, as the analysishas revealed.In case 1b, the
value of the parameter ¯ is set to 10:0. Figure 5 shows the motion
of the system in the z1z2 plane. In this case, the system moves to the
neighborhoodof the desiredpoint after three large switchbacks,and
in the neighborhood of the origin, the system behaves in the same
way as in case 1a.

Fig. 3 Motion of the system in the z1z2 plane (case 1a).

Fig. 4 Time history of g (case 1a).

Table 1 Simulation cases

Case h.g/ ¯ Initial value of zT

1a g 1.0 (0.01, 1.0, 0.01)
1b g 10.0 (0.01, 1.0, 0.01)
2a g2 1.0 (0.5, 1.0, 0.0)
2b g2 5.0 (0.5, 1.0, 0.0)

Fig. 5 Motion of the system in the z1z2 plane (case 1b).

Fig. 6 Motion of the system in the z1z2 plane (case 2a).

Fig. 7 Time history of g (case 2a).

Fig. 8 Motion of the system in the z1z2 plane (case 2b).

Case 2
We executed numerical simulations for the following two cases,

case 2a, where the system moves within the region g2 < O.¯ jz2j/,
and case 2b, where the system moves from the region g2 < O.¯ jz2j/
to the region g2 ¸ O.¯jz2j/. In case 2a, the value of the parameter
¯ is set to 1:0 (see Table 1). Figure 6 shows the behavior of the
system in the z1z2 plane. Figure 7 shows the time history of variable
g. The dashed line in Fig. 7 is a line proportional to e¡t=2 as shown
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Fig. 9 Time history of g (case 2b).

Fig. 10 Time histories of u1 and u2 (case 2b).

in Eq. (65). In case 2b, the value of the parameter ¯ is set to 5:0.
Figure 8 shows the motion of the system in the z1z2 plane. In this
case, the system moves to the neighborhood of the desired point
after two large switchbacks and, in the neighborhoodof the origin,
converges to the origin exponentially without the oscillation of the
variables z1 and µ . Figure 9 shows the time history of variable g,
which matches the solution given in Eq. (67) very well. Note that
the inputs u1 and u2 converge to zero and do not oscillate with a
high frequency, as shown in Fig. 10.

Conclusions
In this paper, we proposed a discontinuousstate feedback control

law for a three-dimensional two-input nonholonomic system with-

out drift, based on an extended Lyapunov control method. When
the system satis� es the condition of the controllability at all of the
equilibrium points, the proposed controller makes the system con-
verge to the desiredpoint. This is veri� ed by analysis and numerical
simulations of a two-wheeled mobile robot. From a practical point
of view, note that, by choosingsuitable control parameters, the con-
trolled system can be made to converge exponentiallyto the desired
point, and the inputs can decay to zero without oscillations.
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